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Abstract 

We study self-adjoint extensions of operators which are the product of the multipli¬ 
cation operator by an analytic function and the analytic continuation in a strip. We 
compute the deficiency indices of the product operator for a wide class of analytic func¬ 
tions. For functions of a particular form, we point out the existence of a self-adjoint 
extension which is unitarily equivalent to the analytic-continuation operation. 

They appear in integrable quantum field theories as the one-particle component of 
the operators which realize the bound states of elementary particles and the existence 
of self-adjoint extension is a necessary step for the construction of Haag-Kastler net for 
such models. 


1 Introduction 

Products of unbounded operators are subtle. If d is a densely defined closed unbounded 
operator and x is a bounded operator on a Hilbert space, then it is easy to see that Ax on 
the obvious domain : x^ G Dom(d)} is closed but it may fail to be densely dehned. On the 
other hand, xA is densely dehned, but it is not necessarily closed (in general, xA is closable 
if and only if A*x* = {xA)* is densely dehned [HI Theorem 13.2]. This is not the case if one 
considers A = A* unbounded and take x to be the projection onto a subspace whose vectors 
are not in Dom(y4)). 

In [Tj, we encountered operators of the form MjA^ (up to a rescaling), where Mj is the 
multiplication operator by an analytic function / and A Ms the analytic continuation: 

{MjAkm=WW-7rt). 

We give the precise dehnitions in Section |2l Under the condition that f{6) = f{6 — vri), this 
operator is symmetric. Then the natural question arises whether this operator is (essentially) 
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self-adjoint or not, and if not, what its self-adjoint extensions are. It turns out that this 
question highly depends on /: its zeros and the decay rate at 6* —)■ ±oo. 

This is not only a purely mathematical problem. The operator MjA^ appears as a 
building block of a quantum observable in certain two-dimensional quantum held theories [1]. 
In a relativistic quantum held theory, it is required that observables localized in spacelike- 
separated regions should strongly commute [S]. Therefore, it is an important problem to 
classify the self-adjoint extensions of MjAa and choose a right one. 

Although the operator MjA^ looks simple and its extension theory has interesting fea¬ 
tures as we will see, it has apparently been treated neither in textbooks, e.g. [211 |T5l [71 |9l 
m HU HU I2S1125113 HU HI 1211231 HH] nor in a recent review of self-adjointness in quantum 
physics HD]. In this paper, we go back to the basics, namely we compute dehciency indices 
of the operator. We will see that the dehciency indices depend highly on the choice of /, 
furthermore, there appears to be no canonical choice of a self-adjoint extension for a generic 
/. Therefore, we restrict ourselves to a certain subclass of functions. For such functions, we 
can hnd a self-adjoint extension of MjA^ which is unitarily equivalent to Az. This particular 
extension will be useful in the original context of integrable quantum held theory and bound 
states [22] . 

For a generic /, we take its Beurling factorization and we reduce the computation of 
dehciency indices to each factors. We hnd especially, when / has zeros in the strip, that 
MjAz may have diherent dehciency indices, and may have no self-adjoint extension. By 
considering our applications [1], this forces us to pick the subclass of functions which are a 
square of another function h\ f = h‘^. If f such a square, there is a canonical choice of a 
self-adjoint extension which is unitarily equivalent to Az. 

This paper is organized as follows. In Section [21 we state precisely the assumptions and 
the problem. We compute in Sections (U HI the dehciency indices of MyAz and obtain an 
explicit form for the vectors in the dehciency subspaces for certain functions /. We also get 
an expression of the polar decomposition. In Section [3 we consider functions / which is a 
square and construct a canonical self-adjoint extension of MjAz. 

2 Preliminaries 

2.1 Hardy spaces 

We denote by H‘^(E>a,b) the space of analytic functions ^ in the strip Sa,b ■= M-|-f(a, b), a < b, 
such that ^(6* -|- iX) is in L^(R) (with the Lebesgue measure on M, which we will omit in the 
rest) for a hxed A and the norms ||^( • -l- fA)|| are uniformly bounded for A G (a, b). They are 
called the Hardy space based on the strip Let us hx one such Hardy space i7^(§_7r,o)- For 
each element ^ G (§_ 7 r,o), the limits lime^o ~i^) and lim^^o 'C(' “ exist in the 

sense of L^(M) [201 Corollary HI.2.10]. Let us denote these boundary values by — 

for simplicity. Then, for the Fourier transform ^{t) of ^{6), is and it holds that 

i{e + iX) = 

V 27r J 

where the integral with respect to t is actually and has meaning pointwise for 6 + iX, 
—71 < A < 0 [20l Theorem HI.2.3]. For the convenience of the reader, we give an elementary 
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proof of these facts in Appendix (c.f. [T^ Theorem IX.13]). Therefore, the Hardy space 
can be considered as a (dense) subspace of the Hilbert space L^(M). 

Next, let us consider the operator of analytic continuation: 

Dom(A5) := 

:=^{e-7ri). 

This can be identihed with the Fourier transform of the multiplication operator Me^ by 
e^(t) = e'^*, and it is self-adjoint on this space (see Appendix [A|) . 

2.2 The bound state operator 

Let / G the space of bounded analytic function on = M + *(—tt, 0). We do 

not assume the continuity on the closure M -|- i[—7r,0]. However, one can identify the strip 
M -|- i(—vr, 0) with the unit disk in C by a conformal transformation (see, e.g. [121 Appendix 
A]) and it follows from the boundedness of / that f{() has radial boundary values when 
ImC —)■ 0, —71, namely, f{6 + iX) converges when A —)■ 0, —tt for almost every 6 [T71 Theorem 
11.32]. We denote these boundary values by f{9) and f{9 — 7ii), respectively, which are 
L°°(M). We further assume the property that f{9) = f{9 — Tii) almost everywhere. Let Mj 
be the multiplication operator by f{9) = f{9 — vrz). 

Our main object in this paper is the operator MjA^. This product operator is closable 
by the following Lemma (see [HI Theorem 13.2]). 

Lemma 2.1. Let x be a bounded operator, A be a closed operator such that A*x* is densely 
defined. Then xA is closable and it holds that {xA)* = A*x*. 

It holds that Mj = Mj. It is easy to see that A^Mj- = A^Mf is densely dehned. Indeed, 

Mf preserves the domain iL^(S_^^o) of With the symmetry condition f{9) = f{9 — iii), 
we can say more [H Proposition 3.1]. 

Proposition 2.2. The operator MjA^ is symmetric. 

Let us briefly recall the proof. Take i,ri E Dom(A5) which have compact spectral sup¬ 
ports and are smooth. The function fj{9) := rfifi) belongs to iL°°(§o, 7 r) and 

(? 7 , MjA^i) = j r]{9)f{9 - 7ii)^{9 - 7ii)d9 

= J f,i9+ 7rt) fi9)mde 

= J p{9 - 7rt)W)md0 

= {MjA^ri,Cj, 

where in the second line we used Cauchy’s theorem and rapid decay of ^ and p. By continuity, 
this equation holds for any pair E Dom(A 2 ), therefore, we obtain the symmetry. In 
particular, one obtains again that the product operator MjA^ is closable. 
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This notation of A is (almost) compatible with its use in integrable two-dimensional quan¬ 
tum field theory, which we will investigate in [22]. Namely, A is the one-particle component 
of the modular operator for the von Neumann algebra [2T| corresponding to the right stan¬ 
dard wedge with respect to the vacuum vector (which is sometimes denoted by Ai, but we 
omit the subscript for simplicity). The unitary operators A®* coincide with the one-particle 
action of the Lorentz boosts in many cases (see [3] for the integrable models without bound 
states) and gives the shift ^{9 + 27it), therefore, Aa is the analytic continuation 9 ^ 9 — ni. 

The product operator MjA^ appears in the study of quantum field theories with bound 
statesjl]. One of the principal problems in quantum field theory is to construct local observ¬ 
ables (a class of self-adjoint operators). For a family of integrable quantum field theories in 
two spacetime dimensions, we constructed a candidate of observables localized in a wedge- 
shaped region. This candidate operator contains MjA^ as a building block. More precisely, 
it is the one-particle component of the operator which makes a bound state. Yet, its correct 
self-adjoint domain and locality in a strong sense remained open. As these properties are 
crucial in constructing Haag-Kastler nets (operator-algebraic realization of quantum held 
theories), we investigate the self-adjointness of MjA^ in this paper. 

Self-adjointness criterion 

Now the question is whether MjA^ has a self-adjoint extension. For this purpose, let us 
recall the fundamental criterion for self-adjointness [T3l Section X.l]. 

For a symmetric operator A, its adjoint A* may have nonzero eigenvectors for eigenval¬ 
ues Ai. We denote the dimensions of the corresponding eigenspace by n±{A). The pair 
(?7,_|_(A),n_(A)) is called the deficiency indices of A. Equivalently, they are dimensions 
of the spaces ker(y4* =F *)• A can be extended to a self-adjoint extension if and only if 
n+(A) = n_(A) and there is a one-to-one correspondence between such self-adjoint exten¬ 
sions and isometric operators from ker(A* — i) to ker(A* + i). If the dehciency indices of A 
is (0,0), then A is essentially self-adjoint and the closure A of A is the unique self-adjoint 
extension of A. 

We have (MjAz)* = A^Mj. Therefore, our task is reduced to studying the eigenspaces 
of A^Mf. 


3 Computing deficiency indices 

3.1 Common ideas 

Any element / G if°°(S_ 7 r,o) admits the following factorization [T71 Beurling factorization. 
Theorems 17.15, 17.17] (see also the identihcation between and the Hardy space 
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on the unit circle [121 Appendix A]): 


/(C) 

/bi(C) 

/in(C) 

/out(C) 


c/Bl(C)/in(C)/out(C), 

(A _ 

11 ” gC — ’ 


exp 

exp 



(i/i(s) 1 + 

1 + s2 e< - s y 
ds 1 + e’^s 
1 + — s 


log0(s) 
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where G M + i(—vr, 0) and satisfies the Blaschke condition which assures the convergence 
of the infinite product (see m Theorem 15.21] for the condition written in the unit circle 
picture), c„ = —where fdn = (if = — y, we set Cj = 1 as a convention), c 

is a constant with |c| = 1. is a finite singular measure (with respect to the Lebesgue 
measure ds) on M U {cxo} and may have an atom at oo {—oo is identified with cxo). 0(s) is a 
positive function on M such that is T^(R), again with respect to the Lebesgue measure 

ds. /bi and are inner, namely |/bi(6')| = |/bi(6' - vri)| = |/in(6')| = |/in(6' - m)\ = 1 
for almost every 0 G M (they are defined as the boundary values and not as integrals for 
C = 6 ^ G M, 0 — 7 ri, which might be meaningless). On the other hand, /out is said to be outer 
and it is the exponential of the Poisson integral of the kernel . 

This decomposition is unique. We call /bi the Blaschke product of /, /m the singular 
inner part of /, and /out the outer part of /. 

In order to solve the eigenvalue equation A 2 Mf^ = it is helpful to extend the 

domain of consideration to meromorphic functions on the strip M + i{— 7 T, 0). Once we find 
a meromorphic function g which satisfies f {6 — 7ii)g{6 — ni) = Aig{ 6 ), any solution ^ in the 
domain of the operator AzMj can be divided by g and one obtains a periodic function: 

^ /(6> - - TTi) ^ ±ii{9) ^ 

g{d- 7 ri) f{e-Tri)g{e- 7 ri) ±ig{9) g{e)' 

Some properties of this periodic function can be derived from those of f and g, and we 
might be able to classify such periodic functions. We will call the equation f {6 — 7 ii)g {0 — 
ni) = ±ig{ 6 ) for simplicity the eigenvalue equation with eigenvalue ±L Furthermore, the 
question is equivalent to finding a solution for the eigenvalue 1 , because by multiplying 
one can vary the eigenvalue by We will see later how this idea applies to concrete 

cases. 

Let us prepare a Lemma which is useful in such an argument. The following is a slight 
variation of m Section 2, Theorem]. 

Lemma 3.1. Let h be a measurable function defined on a rectangle [ 6 * 1 , 6 * 2 ] +i[Ai,A 2 ] C C 
where Ai < 0 < A 2 , horizontally L"^, namely h{ ■ +iA) is in L^([ 6 *i, 6 * 2 ]) for each A and assume 
that its L'^-norm is uniformly bounded in and that A 1 —)■ h( • + iX) is continuous from R 
to L^([ 6 'i, 6 * 2 ]). Furthermore, assume that h is analytic separately in { 01 , 62 ) +i(Ai,0) and 
in ( 6 * 1 , 6 * 2 ) + i( 0 ,A 2 ). Then h has a representative (in the sense of pointwise function, as 
-functions are not pointwise defined) which is analytic on the whole rectangle. 
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Proof. As the L^-norm of h{- + iX) is uniformly bounded in A, by Fubini’s theorem [T 71 
Theorem 8.8], h is as a two-variable function, and again by Fubini’s theorem, h{6 + i •) is 
in L^([Ai, A2]) for almost all 0 G [6*1, 6*2]. 

We only have to prove the analyticity at A = 0 . For a given 9 , 9 i < 6* < 02, we take 
03 < 0 < 04 such that h(03 -|- i •) and h(04 + i-) are in L^([Ai, A2]). Consider the rectangle 
with the corners 03 -|- iAi, 04 -|- iAi, 04 -|- 1X2, 03 -l- 1X2 and take a counterclockwise path F. Then 


^(C) := f 

Jr z-C 

defines an analytic function inside the rectangle, as the integrand is (L^ on the bounded 
segments, therefore) L^. 

Let us see that h coincides with h on the upper- and lower-half rectangles. Indeed, let 
0 < e < Im and take a rectangular path F^ with the corners 03 -|- ie, 04 -|- ie, 9 ^ + 1X2, 03 -l- 1X2 
which contains C, in its inside (see Figure [T]). By Cauchy’s formula, we have 


MC) = 



Kz) 


As e —)■ 0, this integral tends to 



Kz) 

z-C 


where F+ is the rectangle with corners 03, 04, 04-t-iA2, 03+^A2, by the assumption of continuity 
of h (in the Lf, therefore) in the sense and the L^-integrability of h on the sides of the 
rectangle. 



On the other hand, if we consider a rectangle in a lower half-plane, the integral gives 0 
by Cauchy’s theorem. By a similar continuity argument, we obtain 



0 , 
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where r_ is the rectangle with corners 6 ^ 3 , 9^ + zAi, 9^ + iAi, 9^. Therefore, altogether we get 

ft(C)=/ I,1(c). 

Ar+ur_ 2; — c, j-p z — L, 

By a parallel argument, we have h{() = h{() for Im(^ < 0. In other words, h has an analytic 
extension to the whole rectangle. By the L^-continuity, it must hold that h = h. □ 

We use this Lemma in the following form. 

Proposition 3.2. Suppose that h is analytic in M+i(—vr, 0) and it holds that h{9) = h{9 — 7ri) 
in the local sense, namely, for a finite interval [ 6 ^ 1 , 6 ^ 2 ] h{- — ei) h(-) and h{- — {n — e)i) —)• 
h(- — iri) in L^([ 6 *i, 6 * 2 ]) and the limits coincide. Then h extends to an analytic function with 
period ni. 

Proof. Dehne the periodic function by h{( + Nxi) = h{(), G N. The only question is the 
analyticity at C ^ ® + Nni, which is a direct consequence of Lemma [3. II □ 


3.2 Finite Blaschke products 


Let 


n 


/(c)=n 


gC _ g«i 

Cj T 


be a hnite Blaschke product, where Oj G M + i{—n, 0). Note that they have exactly n-zeros 
(including multiplicity) in the strip M + i(—vr, 0), since the function e'’ is one-to-one in the 
strip. In order that this satishes f{9) = f{9 — vri), aj and a] — ni must appear in pair 
including multiplicity, or Imaj = —Under this condition, cfis cancel each other or it is 
1 or — 1. —1 does not affect neither the domain property nor symmetry, therefore, we may 
omit Cj and write /(C) = n”=i 

We consider the operator MjA^ and compute the dehciency indices. Let us start with a 
Lemma concerning periodic functions. 


Lemma 3.3. If h is analytic in M-)-z(—vr, 0), Tii-periodic, namely h{9 — ni) = h{9), and 
satisfies |h(C)| < where A > 0 and N is a positive even integer, then there is a 

polynomial p of degree less than or egual to N such that h{() = p{e^‘^)e~^^. 

Proof. Consider h\-{() = h{()e^‘^, which satishes |h|-(C)| < + 1). By assumption, 

N is even, therefore, is again periodic by ttL 

We can dehne an analytic function on C \ {0} by h\- (^^), which is well-dehned by the 
vri-periodicity of h. The bound of hp can be translated into 


hr 



<A{\zf + l), 


and especially, the singularity at 2 = 0 is removable. Then it is a well-known consequence of 
the Cauchy estimate m Theorem 10.26] that hp is a polynomial p{z) of degree less 

than or equal to N. 

Since ( = or 2 ; = we have h{() = p{e‘^‘^)e~^^ as desired. □ 
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Proposition 3.4. If f contains 2m factors, respectively 2m + 1 factors, where m is an 
integer, then the deficiency indices of MjA^ is {m,m), respectively (m + l,m). 

Proof. We observed after Lemma 1241 that (MjA^)* = A^Mj. By definition of the prodnct 
of (possibly) nnbonnded operators, the domain of A^Mj is: 

{e e L\R^) I fiom e 

In order to determine the deficiency indices, we have to find the eigenvectors of A^Mf 
corresponding to the eigenvalues ±L We claim that the functions 

n 

{,(())= 

where 0 < k < n, are precisely those eigenfunctions. It is easy to see that they have n-poles 
in the strip R + i{—n, 0). 

Firstly, let us show that they are indeed eigenfunctions. We have 


fmkio) 


i=i 


1 

ed — 


We observe that this has no pole in R + i(—7r,0), since takes only values with negative 
imaginary part, while e“^ have positive imaginary parts. The product f{0)fk{d) belongs to 


l/(C)&(C)l<e('=+i)'‘'=n 


1 

gRe — gQj 


again because e*’ has negative imaginary part, while have positive imaginary parts. 
The right-hand side decays exponentially when Re^ —?• icxo, since 0 < A: < n, therefore, 
/(C)Cfc(C) ^ The boundary value can be straightforwardly computed and it is 


f{9 - ni)fk{d - TTi) 


n 

i=i 


(-i)y 

(- 1 )” 




where we used that aj and a] — wi appear in pair, or Im aj = ^ and e"^' = —e°‘^. This 
means that this belongs to the dehciency subspace. More precisely, if fc = 0 and if n = 2m, 
it belongs to n-{MjA^) and if n = 2m -|- 1, to n+{MjA^). As k increases, it alters the 
eigenvalue by —1. They are obviously linearly independent. 

Summing up, if m is even, we found m vectors both in n±{MjA 2 ) and if m is odd, we 

found m -|- 1 vectors in n_^_{MjA^) and m vectors in n+(MjA^). 

Secondly, we claim that their linear spans exhaust the dehciency subspaces. Let f be in 
ker(A 2 Mj=|=i). Recall that fk are also eigenfunctions of A^Mf, to which eigenspace it belongs 
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depends on k. As described in Section 13.11 we need jnst one fnnction which satishes the 
eigenvalne eqnation, which is not necessarily in the Hilbert space. The restriction 0 < A; < n is 
reqnired only when one wants a Hilbert space vector, and for other k, ^k, dehned analogously, 
satishes the same eigenvalue equation. We take a ^k which has the same eigenvalue as 


We proceed as we described in Section 13.11 We consider 
G H'^(E)-Tr,o)- On the other hand, we have 


m _ 

ikiO 


/(ck(c) 

fiOikic)- 


By assumption. 


1 


fiOUC) 



-M)C]^(eC_ 

i=i 






where A and M are positive constants. Especially, this factor has no pole. Therefore, 
the function is analytic in M + i(—vr, 0) and has the same locally L^-boundary value 
at ImC = 0, —TT, hence by Proposition 13.21 it extends to an entire periodic function. An 
entire periodic function admits a Fourier expansion: ^ a^eA, where aj is strongly 

decreasing, and this sum is uniformly convergent on any compact set with respect to Re C- 
For any L^-function rj supported in [—R,R], the following integral 


/ 


d97]{e) 


<iC + o) 
UC + o) 


= / der]{e) 


fiC + om + o) 
f{C + o)UC + o) 


dehnes an analytic function of C in M + i(—7r,0) by Morera’s theorem [T^ Theorem 10.17]. 
Furthermore, we have the following estimate: 



fic+om+0) 

f{C + 0)UC + 0) 


<• ^gM(|ReC|+i?) 


d9v{e)f{c + 9m + 0) 




This function is periodic since so is hence by Lemma 13.31 it must be of the form 

eA, where N is the smallest even integer such that N > M. 

By the compactness of the support of rj and the uniform convergence of ^ 


e7=- 


we obtain an,- = a,- f d9n(9)e^^. As rj is arbitrary, this implies that a,- = 0 for \ j\ > N. In 
other words, ^(C) = ^.(C) E-n “.^A. 

This is actually of the form = J2-n but we know that ^k+j{C) can be in 

if and only if 0 < fc + j < n, and their decay rates are different for different k + j, 
therefore, G if and only if ^((^) = ®jO(C)- This completes the proof that 

exhaust the dehciency subspaces. □ 


3.3 Infinite Blaschke products 


From the results of the previous section, it is natural to expect that for an inhnite Blaschke 
product 


OO 

/(c)=n 




gC _ g«i 

— e"/ 
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the deficiency indices n±{MjA^) are infinite. This will turn out to be true, yet it is not easy 
in general to calculate the dehciency subspaces explicitly, as the natural candidate vectors in 
those subspaces would be inhnite products, whose convergence is not always under control. 
Therefore, we divide the cases. 


3.3.1 Zeros on the middle line 


Let us assume that Imoj = —In this case, =: i'fj G zM_. We divide the negative 
numbers { 7 ,} into two families according to their real parts and reorder as follows: Re > 0 

I 

and Rea“ < 0, accordingly yj > — 1 and 0 < 7 ^” < —1- Correspondingly, we rename the 
constant factors, and then by dehnition: = —l,c“ = 1. 

Proposition 3.5. Let f be a Blaschke product with infinitely many zeros {ctj} on the line 
M+y. Then n±{MjA^) = 00 . 

Proof. As the inhnite product is absolutely convergent, from m Theorem 15.5], it follows 
for C G M + ^(—TT, 0) that 


E 

i 

E 


1 .P-A 


2e^ 

-L > , 1 

e^ + I'yJ 

j 

+ ^7/ 

e^ - i'jJ 

- V 

z2y- 

+ zyj 

j 

+ i'yf 


< 00 , 


< 00 . 


By noting that 7 ]*" —)■ — 00 ,'y, —)■ 0, for a hxed ( = a + ibEM + i{—n,0), there is 


sufficiently large j such that 2\b\ < ly]*"! and consequently 


a+i'Ti 


< 


2e< 


e^+iP 


, and 2 I 7 . I < | 6 | 


and consequently 


Pi 

< 

iPi 

a+i^~ 


6 ^+ 17 “ 


By comparing with the above convergent series, it is 


straightforward to see that the following inhnite sums are convergent also for real 9 such that 


e = a: 


E 

j 

E 



= E 

j 


e® - zy^+ 

e® + zy+ 

1 

= E 

j 

zy- 

n . _ 

— tjj 

e® + zy“ 


5 


Therefore, the following inhnite products 


n 


-^7• 


® ~ '>'lj 


n 


— zy ■ 


are absolutely convergent and non zero for 9 G 
We consider the following function 


&( 9 ) := £'‘+^"17 




zy- 


n 


zy. 
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We claim that ^ L‘^(R,d6) for infinitely many k E Z. Indeed, each factor in the big 
products has the modulus smaller than 1 , the former factors decay exponentially as 0 —)■ cxd, 
while the latter factors decay exponentially as 6 ^ —)■ — cx). By assumption, at least one of these 
products is inhnite, hence it can decay faster than for k > 0 or k < 0, depending on 

which is inhnite. 

Next, we claim that f{C)^k{C) ^ By c+ = —1 and c_ = 1, it is easy to check 


that 


fiOUO = e 


— p(^+§)C 


n 




n 


+ iy 


and this is dominated by 


e(kH)^-(fXRe()^{ReC) 


Finally, 


f{9 - m)U0 - n 




3 


—e® + i'jl + *7 ■ 

J 


n 




j 

-f7i 


od 


3 


I'y 


n 


3 


*7,' 




Therefore, ik{9) G ker(A 2 M/ =|= i), where — applies when k is odd and — applies when k is 
even. In particular, there are inhnitely many such eigenvectors. □ 


3.3.2 Zeros outside the middle line 


Here we assume that Imoj 7 ^ — f. By the symmetry condition, aj must appear with aj — vri 
in pair. Let us reorder and rename the zeros {oj} and write this explicitly: 


OD 


/(c) = n 

/=i 


gC_ 

eC — e"/ + e"/ 


Note that / is inner, hence the multiplication operator Mj is unitary and the product MjA^ 
is a closed symmetric operator. 

We hrst show that MjA^ has a self-adjoint extension. Indeed, using the above reordering, 
we have /(C) = /+(C)/-(C), where 


MO =n 

i=i 


gC _|_ g«/ 
gC -)- g“/ ’ 


CXD 


/-(c)=n 

/=i 


gC _ g«/ 
gC — g“/ 


Both functions are in iL°°(S_oo,o) and it holds that f+{9 — ni) = f-{9). 

By definition of the domains of product operators, we have Mj_(._ 7 rj)A 2 c A^Mf_, since 
/_(C) is bounded and analytic in R -|- i(— tt, 0). Therefore, we have the following inclusion 

MjA-2 = Mj^(._,pMy_(._,pA^ C = M}_A^Mf_. 

The last expression is a self-adjoint operator, since Mf_ is unitary. In particular, the operator 
MjA^ has a self-adjoint extension and n+(MjA 5 ) = n_(MjA 5 ). 
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Between MjA^ and Mj_A 2 Mf_, there are infinitely many different symmetric closed 
operators. Indeed, let us put /y+(C) := i fj-iC) ■— above 

MjA^ C MjMj^ _A^Mf^_ C • • • C MjMj^ _■ ■■ Mj^ _A^Mf^_ ■ ■ ■ Mj. _ 

■■■ C M}_A^Mf_. 

Such an infinite tower of extensions is possible only if n+(MjA^) = n-{MjA^) = oo. 

3.4 Singular inner functions 

In this Subsection we consider singular inner functions. An singular inner function admits 
the following representation 


/(C) = exp 


(i/i(s) 1 + e^s\ 

1 + - s y ’ 


where /r is a singular measure on M U {cxo}. If /i has atoms at 0, cxo, we need a different 
treatment. Let us consider these cases separately. 


3.4.1 Atomic measures at infinity 

When = a > 0 and = l3 A 0 and /i = 0 elsewhere, our function takes the form 

/(C) = exp As in Section 1341 we look for solutions of the eigenvalue equation 

f{6 — 'n'i)^{6 — 7ii) = ±i^{6). One such solution is g{() = exp (—Indeed, it is 
straightforward that 


/(C - TTi) = exp {-iae ^ + i/3e^) , g{C - wi) = exp ^ 

and we have f{6 — TTi)g{9 — vri) = g{9), 0 G M. Furthermore, note that 

|/(C)^(C)|= exp 


ia _r id r 

—e ^ 



and the problem is reduced to find vrAperiodic functions with a certain growth condition. 

Lemma 3.6. Let h he continuous on M + [—tt, 0], analytic m M + i(—vr, 0) and suppose that 
there A A, 5 > 0, 0 < a < 1 such that 


|h(C)|<Ae 


ggcIReCI 


and on the boundary, h{9), h{9 — tti) are L^. Then it follows that h G iL^(S_,r,o)- 

Proof. We argue as in Proposition 13.41 For an L^-function rj supported in [—R, R ], the 
following integral 

h,(C) := j d9^h{C + 9) 
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defines an analytic fnnction of ( with the estimate: 


j der,{9)h{c + e) 


< ^gB(|ReC|+i?) 


-R 


der]{e) 


'-R 




and on the boundary, it is immediate from the assumption that max{|h^(6')|, \ hrj{6 — 7ri)|} < 
IIt^II ■ max{||h||, \\h{ ■ — vri)||}. Therefore, by Phragmen-Lindelof principle [13 Theorem 12.9], 
\hr,{0\ < Ihll ■ max{||h||, ||h( • - 7ri)||}. 

As this estimate does not depend on R, it holds for any r] G L^(R), which implies that 
||h( • — zA)|| < max{||h||, ||h( • — 7ri)||}. Namely, h G iP^(S_ 7 r,o)- D 

Next, consider the function cos t G M. This is TrAperiodic in ( and it holds that 

|cos(te-'^)| < 

Let K be a real smooth function supported in (—f, f) such that k(— t) = nit), J dt nit) = 0. 
Then its Fourier transform is entire and we have 

k{e~^) = _ j dte~'^^^ >^it) = _ [ dt 2 cos{te~‘^)K{t). 

y2n J \/27r Jo 

Then we have the following bound: 


k{e 


max{|fi:(f)|} 2a 
3 


max{| cos(fe ‘’)|} < 


max{|R(t)|} 2 a 

3 


Furthermore, on the boundary, k{e~^) and k{e~^^~'"^^) = k{—e~^) = k{e~^) (as K{—t) = K{t)) 
are rapidly decreasing in 6 and faster than exponentials for 6 —?• —oo, since k{p) is a Schwartz 
class function with /t( 0 ) = 0 , therefore, k{e~^)e~^^ tends to 0 rapidly as 6 * —>■ ±cx), where 
n > 0 . 


Proposition 3.7. For f{() = exp (ioe ^ where one of a and jd is nonzero. Then 

Then n±{MjA^) = oo. 

Proof. We may assume that a > 0, as the case /9 > 0 is similar. Let n as above, n G N and 
consider the function ^K,n(C) = R(e“‘’) exp(—^ 6 “^ + For C € R + i(—vr, 0) we 

have the following estimate: 

IfiOUAOl < 

V 27r 3 

max{R(t)}2a 

- 72 ? 3 

as Ime“^ > 0 and Ime'’ < 0, and on the boundary we saw that |^K,n(C)l is Schwartz class. 
Thus by Lemma [3Jl /(C)^K,n(C) ^ 
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Let us check the eigenvalue equation. We have 


= k{e-^) exp (-ye-^ + ye®^ 

= i-imuo)- 

Therefore, depending on whether n is even or odd, is in one of the dehciency subspaces 
of MjAa with eigenvalue z or —L They are clearly linearly independent. □ 


f{6 — 7ri)^K,n{0 — ni) = exp{—iae ^ + ifie^)k{e exp 


^-e\ 


la 




ijS 


3.4.2 Generic singular measures 


As we show in Appendix [HI any singular inner function / has essential singularities on the 

boundary M, M — vrz or Re —)■ icxo. If the measure is atomic on the boundary, it is not 

difficult to hnd vectors in the dehciency indices similarly as in the case of atoms at inhnity. 

In a generic case, we are not able to write explicitly the vectors in the dehciency subspaces 
of MjAz. Yet, we are able to show that the dehciency indices are (cx), cxo) again by hnding 
a self-adjoint extension and a sequence of closed symmetric extension between them. 

Proposition 3.8. Let f be singular inner as above. Then n±{MjA^) = oo. 

Proof. As / has no zero in M -|- z(—7r,0), / has analytic roots for arbitrary n. More 

explicitly, we can write this root as 


(/(C))" = exp - 


d/i(s) 1 -|- e^s 


n 


(1 -f s^) - s 


and accordingly we have Mj = (M_i)' 


Let n> 2. As g iL°°(S_oo,o) and f^{0 — ni) = f^{9), it holds that 


M\ A^ C M_iA^Mi = M*iA^Mi 


and the last expression is manifestly self-adjoint. 

We claim that this extension is not trivial. Indeed, the domain of the latter opera¬ 
tor is This is not equal to iL^(§_^,o)- In order to see this, pick a vector 

f G iL^(S_^o)- As we saw in Corollary IA.21 the values — iX) is bounded by ||,^|| and 

||A^,^||. As |//(6 ')| = \f^{9 — m)\ = 1 on the boundary, we have ||.^|| = ||M i,^|| and 

||A^,^|| = ~ IIOn the other hand, /(C) is a nontrivial singu¬ 


lar inner function and there is 9 


iX G M-l-z(—7r,0 ) such that f{9 — iX)'^ 


< 1. Take 


C G iL^(S_ 7 r,o)- If M f preserved H^{E>-Tr,o), then M would have to be in iL^(§_,r,o) for 

any m. But it is clear that for any C there is m such that does not satisfy the above 

pointwise bound for vectors in iL^(§_,r,o)- In other words, ^ M~l does not 

^ ’ /" ’ /" 

preserve i/^(§_.n-^o) nnd M* lA^M i is a proper self-adjoint extension. 

’ f n / ”• 
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Take an even n = 2m. Then by repeating the argument above, 


MjA5 



c {M* 1 )™A5(M^ 1 

J '2m 


M*i A5M 1 


is m successive proper extensions, therefore, ? 7 ,±(MjA 2 ) >m. As m is arbitrary, they must 
be inhnite. 

□ 


3.5 Outer functions with decay conditions 

Let us consider outer functions. An outer function can be expressed as the exponential of 
a Poisson integral of a kernel which is L^. Consequently, 0 cannot have too strong 

decay as ReC —)■ ±C) 0 . 

More concretely, the function with fast decay 0(s) = satishes this condition if 

0 < a < 1, but with 1 < a it does not. Yet the condition that should be can 

be satished in many ways. In addition, 0 can approach to 0 around hnite s so long as the 
L^-condition is satished. We are not able to treat such a variety of cases in a general way. 

Here we impose a bound on the decay rate of 0(s) = |/(logs)|. Under this condition, the 
operator MjAz is essentially self-adjoint. 

Lemma 3.9. Let f be a hounded analytic function on M -I- i(—7r,0) and suppose that there 
are numbers A, R>0,0 <a<l such that 


1 

m 


< A exp . 


Then f is an outer function. Conversely, if f is a hounded outer function defined through an 
function and if there are A,R>0,0<a<l such that ), then 

< Ai exp 

Proof. Let / be a function which satishes the estimate above. If / had a Blaschke factor, it 
would have at least one zero and it contradicts the assumed estimate (which separates / from 
0), thus / has no Blaschke factor. Suppose that / had a singular inner factor. If the singular 
measure /i corresponding to the factor has non zero measure at 0 or cx3, then the factor 
contains they decay as when Re^ —>■ Too, respectively, 

which contradicts the assumption (a < 1). If the singular measure were non-zero and had no 
atom at 0, 00 , it must tend to zero on the boundary as we show in Appendix [Bl which would 
again contradicts the assumed estimate. Therefore, / cannot have any nontrivial inner part, 
namely is an outer function. 

Conversely, let / be an outer function dehned through (f as above. Note that the modulus 
of / is given through the imaginary part of the integral, which is, by putting = a T ib, 


there is Ai, Bi > 0 and it holds that 


/(C) 


Im 


ds IT e^s 


TT / ^ 1 T - 


log0(s) = 


bds 


71 j -00 (a - 


log0(s). 


The latter expression can be estimated as follows. Note that it follows from the assumption 
on (j) that I log0(s)| < B (|s|“ + I 7 P) + I log^d]. 
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We estimate these three terms separately. Let us hrst take We may assume that 

a > 0 (the case a < 0 is analogous). Then for the half-line s < 0, < (a — and we have 


1-00 (a - 


B\sn < 


1-00 + b‘^^ 


Next, note that |a-|-s|" < |a|“-f |s|“ if 0 < a < 1. Indeed, if we put F{t) = t" for t > 0, then 
F'{t) = which is monotonically decreasing. Therefore, we have |s|“ = F{s) — T’(O) > 

F{a -|- s) — F{a) = |a -|- s|“ — |a|“. We subdivide the other half-line into [0, a] and (a, cxd). 
There, we have the following estimates, respectively: 


r bds 
Iq {a - s)2 6^ 

bds 

„ (a - s)2 + 62 


B\sn < 


B\sn < 


Iq (a - s )2 62 

r bds 


5|a|“ < 7r5|a|“, 


3 ^2 -i_ 62 

bds 

^2 _|_ ^2 


B\Qj 5 


(Edar + i^r), 


where we used = tt (recall that 6 < 0). Furthermore, we put = 

=: B 2 \b\‘^. Altogether, by taking Bq = max{27rB, BB 2 }, we have 


1-00 (a - 


5|s|“ <27iB\a\^ + BB 2 \b\^ 

<BQ{\ar + \bn 
< 2BQ{\a\ + \b\r 
<4Bq Va2 + 62 “ 

= 453 ( 6 ^'^'^)“. 


Next we consider B By successive changes of variables s = |, /c = ty/a"^ + 6^, we get 

6 Bds _ 6 B\t\<^dt 

J-00 (a - -s)^ + b'^ k|“ J-00 {a - \Y + 62 F 

^ bB\t\- 

J -00 aH^ -2at + l + FF 
_ B 6|A;|“ dk 

- (y^^TF)“ J-00 k^-^^k + l^/^^T¥' 

We claim that this integral is bounded for a hxed 0 < a < 1. For a = 0, we have 


r‘00 I 7^10; 


fk + 1 ->/a^ + 6^ J -00 k‘^ 1 


dk = B 2 . 
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If a 7 ^ 0, we can write b = f3a (note that /9 < 0) and 


b\k\^ dk 


r°° -/3\k\^ dk 


-/3|A;|' 


\A+^ 


Q; I 1 




-/S 1^1“ + 




f*00 1^1^ 


" v^TT^I 7-00 5 ^ + 1 Iv^TT^I 

< B 2 +71, 

where we changed the variable k = —Hence we get 

r ^ .p , R ,-«ReC 


TT7P i -00 s'^ + 1 


Lastly, it is immediate that 


r A|logH| 
/_oo (a - s)2 + 62 


ds < 7r| logH|. 


By putting Bi = — and Ai = e-^i+dog^l -we hnally obtain 


/ ^ .oc 

< exp — / 


TT 7-00 (a - + b"^ 




< exp(Hi(e“^"^ + + I logH|) 

< Hi exp , 


as desired. 


Lemma 3.10. Let h be continuous on M + f[— tt, 0], analytic in M + f(— tt, 0) and suppose that 
there is A, B, Bi > 0,0 < a < 1 such that 


|h(C)| < He 


Uga|ReC| 


and on the boundary, 


\h{9)\,\h{9-7ii)\ 

and furthermore on the imaginary line |h(C)| < H when ( G i[— tt, 0]. Then it follows that 

|h(C)| <He^i^"« 


on the whole strip. 
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Proof. This is actually only a slight variation of Phragmen-Lindelof principle im Theorem 
12.9], which assumes that the function in question is bounded on the boundary. 

First we consider the region ReC > 0. The product can be bounded by the 

same function , and on the boundary with Re^ > 0 we have a better estimate: 

< A. From the last assumption we also have \h{C)e~^A^ < ^ for g i[—7r,0]. 
Let a < f3 < 1 and e > 0. It is easy to see from the assumptions that the function 

h(C)e"^i^exp (^-e 

is strongly decreasing when ReC —t cxd (the key is that (3 < 1, see [IH Theorem 12.9]), 
hence especially is bounded on the half strip Re^ > 0. If we consider a large interval of 
ReC, the maximum modulus principle tells that the maximum is taken on the boundary, 
but actually it occurs on the edges of the half strip if the interval is large enough. As 
exp e j j < 1, this implies that 

for ReC > 0, but e is arbitrary, thus we obtain < A, which is equivalent to 

|h(C)| < 

We can argue similarly for Re C < 0 and obtain the desired bound. □ 

Although we do not use it, this proof can be easily adopted to the case where the boundary 
values are bounded by 

Proposition 3.11. Let f be a hounded analytic function onM+z(— tt, 0) with f{6) = f{9—7ii) 
and suppose that there are numbers A,i?>0, 0<a<l such that 


1 

m 




Then MjA^ is essentially self-adjoint. 

Proof. By the assumption and Lemma 13.91 / can be represented as a Poisson integral of a 
kernel 0(s) = |/(logs)|: 


/(C) = exp 


ds 1 + e‘’s 


TT J_^ 1 + s2 


log0(s) 


By the symmetry of /, the kernel satishes (/(s) = <f>{—s). Note that, as C ^ 1^ + ^(—7r,0), 
Im < 0. This should be kept in mind when we consider the boundary value Ime^ —)■ 0. 
We have 


/(C - TTi) = exp 


ds 1 — e^.^ 


TT 


1 + -e^ - s 


log0(s) 


= exp — 


ds 1 + e‘"s 


vr / ^ 1 + - 


log0(s) 
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and this time, the relevant bonndary valne is considered in the sense that Im > 0. 
As previons cases, let ns find a solntion to the eigenvalne eqnation. We claim that 


^(C) := exp - 


ds 1 + e^s 


vr 1 + — s 


log0(s) 


satisfies the eigenvalne eqnation. First note that, for s < 0, the integrand is continnons in ( 
aronnd R as Ree*’ > 0, therefore, it is irrelevant whether ( approaches to R from above or 
below. Then, we have 


r-O 


g(( - Tii) = exp ( -- 


= exp ( +- 


ds 1 — e‘’^ 


Loo 1 + -e^ - s 

ds 1 + e^s 


log0(s) 


0 


1 + — s 


log0(s) 


and here Im > 0. If we consider the prodnct of / and g, it holds that 

i ds 1 + e'^s 


/(C - 7ri)5'(C - TTi) = exp 


vr 1 + s2 


oC 


log0(s) = ^(C), 


becanse the approach of ( in the integral in [0, cxo) coincide, therefore, they cancel each other, 
while for the integral in (—cxo, 0) the direction of approach is irrelevant, and we obtain the 
eqnality. 

Now, let ns assnme that there were a nontrivial vector ^ G ker (the case with 

ker (^A^Mf + is analogons). As explained in Section ITTI we consider the fnnction 
We have \g{0) \ = 1, as the snpport of the integral is concentrated on s < 0. By Lemma [3d 


Ulycz extends to a periodic fnnction, and on the bonndary is hence is locally 

By assnmption, /(C)^(C) ^ while by Lemma ES] it is immediate that there 

are Ai, Ri > 0 snch that 


c 

62 


fiOdiC) 


exp — 


ds 1 + e^s 


vr 


1 + s^ - 


log0(s) ) exp 


< Aie 


^^gOlReCI 


Let g{6) be an arbitrary L^-fnnction with the snpport contained in [—R, R]. Then it holds 


that 






<Aie 




and on Im (C = 0, we have 
the analytic fnnction in ( 




(is+o .m 


i?-|-Re 
< 6 2 


de vie) f {6+ 0^0 + 0 

'll ■ ||/^||r/2(S_,,,o), 

ll^ll since ||^(C)|| = 1. Therefore, 
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is Tri-periodic and hence satisfies the conditions of Lemma 13.101 and it follows that it is 
bonnded on the whole strip by e 2 ||r]|| ■ ||^||. As in Lemmansing the periodicity and 

the bonnd, there is a fnnction on C\{0} with |/, 7 (^^)| < • ||^||, therefore, 

it must be constantly zero im Theorem 10.26]. Namely, /,,(C) = 0 for any rj supported in 

As R is arbitrary, it follows that .^ = 0. Namely, ker = {0}. The other 

eigenspace can be argued similarly. □ 


The outer functions which comply with this condition are not generic, as / may have zero 
on the boundary. Yet, as for the behavior at Re^ —t ±cxo, it is not too restrictive, since e.g. 

with a > 1 cannot satisfy the L^-condition, as mentioned at the beginning of this 

section. _ 

For / as in Proposition 13.111 MjA^ is essentially self-adjoint, in other words, MjA^ is 
self-adjoint. Yet in general, the domain of the closure of an operator is not easy to describe. 
For MjAz as above, we have an explicit description of the closure. 

Proposition 3.12. Let f G iL°°(S_ 7 r^o) be an outer function. Then MjA^ has a self-adjoint 
extension: MjA^ C M-j^A^Mf_, where 


f-w ^=“p(^/ 


ds 1 - 1 - e^s 


1 -1- e® 


log 0 ( 5 ] 


Accordingly, n+(MjA 2 ) = ? 7 ,_(MjA 2 ), 

In particular, if f is as in Proposition \3.1R then this extension is actually equal to the 
closure MjA^ and n±{MjA^) = 0. 

Proof. The function /_ is well-defined, as the integral is over the negative half-line and the 
integrand is Lf. The integral is real, hence f-{0) has modulus 1. Namely, the operator Mf_ 
is unitary. Moreover, /_ can be analytically continued to a bounded function on R-l-z(— tt, 0) 
and the boundary value at M — tt* is given by 


/_( 6 » - Tii) 


exp 


f-i. r 

\ n Jq 1 -F s2 


1 - 1 - e^s 
— s 


log0(s) 




where 6 approaches to the real line from above. On this side of the strip, we have 


fjd - TTi) 
f-{9 - m) 


exp 




1 - 1 - e^s 
— s 


log0(s] 


f-io). 


Now we have the following inclusion of symmetric operators: 

MjA^ = Mj3M/_(._^i)A^ C Mj^A^Mf_, 

as in Section [3.3.21 The last expression is manifestly self-adjoint as Mf_ is unitary. 

If / satisfies the assumption of Proposition I3.11[ we know that MjAa is essentially self- 
adjoint, hence the conclusion follows. □ 
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3.6 A simple essential self-adjointness criterion: perturbation ar¬ 
guments 


Proposition 3.13. Assume that there is r > 0 such that 


f{e) -r 


< r for 6 G 


Then the 


operator MjA is essentially self-adjoint. 


Proof. We use the Wiist theorem m Theorem X.14]. It is obvious that rA is self-adjoint. 
Now, as MjA = rA {MjA — rA), if we show that ||(MjA — rA)^|| < ||rA^||, the desired 
essential self-adjointness follows. 

This inequality is a direct consequence of the assumption: 


\\(MjA - rA)? ||2 = f lie \ (/(») - r) f (» - ni) 


< r"^ d9 |,^(6' — 7ri)p 




□ 

As it holds that f{9) = f{9 — m), the condition of the Proposition is equivalent to the 
existence of r such that \ f{9 — ni) — r\ < r. 

The condition can be rephrased as follows: There is r > 0 such that the complex number 
f{9) is in the disk {z E C : \z — r\ > r}. Especially, if there is e > 0 such that —| -f- e < 
aTgf{9) < I — e, this condition is satished (as / is bounded). 



Example 3.14. For 0 < a < 1, let us consider 

/(C):= ^ 


cosh a (C -|- y) cosh aC, ■ cos ^ + i sinh aC, ■ sin 


(ATT * 
2 
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Note that, as 0 < a < 1, the denominator is separated from 0 when —vr < Im(^ < 0, 
and hence / is bounded and analytic. As cosh > Isinh^^l for 0 G M, it holds that 


aTgf{9) < arg (cos ^ + isin which is strictly smaller than Therefore, we can apply 
Apposition 13.131 and MjA is essentially self-adjoint. 

Next, for 0 < /3, we take 


/(C):= 


^_ 1 \ ^ (vr + 2/3) 

C-/3i C+(vr + /3)V (C-/^0(C + (vr+ /?)*)■ 


It holds that {6—l3i){6+{7r+l3)i) = 6'^-l-/3(7r-l-/5)-l-7r6'z, therefore the ratio \7r6i\/{6‘^+(3{7r+l3)) 
is bounded and arg/(6*) is separated from |, and hence Proposition 13.131 applies. 

On the other hand, it is easy to see that a similar function 


/(C) : = 


1 

C^ 


1 

C + (vr + /?)i 


2( -|- iri 

(C-/50(C + (vr + /3)v) 


does not satisfy the condition of Proposition 13.131 Indeed, this function has a zero at C = — y 
and we know from the results in Section (see Theorem 14.11 for a more precise argument) 
that the operator MjA cannot be essentially self-adjoint. This non-example tells that the 
information of zeros of f{() in the strip —vr < Im(C < 0 which satisfies f{6) = f{6 — tti) is 
partially encoded in the behavior of /(6*), 0 G M. Of course, it follows from the uniqueness of 
the Blaschke factor, but the relation is rather implicit. Here, a certain estimate of arg / can 
exclude the existence of zeros. 


4 Summary: computing deficiency indices 


4.1 Composite case 

We have considered three classes of functions / and computed the dehciency indices of the 
corresponding operator MjA^\ Blaschke products, singular inner functions and outer func¬ 
tions. A general function / G is the product of three factors in / G il°°(S_ 7 r,o) as 

in Section [XU 

/(C) = /Bl(C)/in(C)/out(C), 

where we assumed that c = 1, as a constant does not affect the domain. Here we assume 
that /out satisfies the estimate of Proposition 13.111 

First let us suppose that /in is nontrivial. Then, as we saw in Section l3.4.21 for an arbitrary 
m we can take a sequence of proper extensions 


MjA^ 


C 



2m 





M*f M*f A2 

/B1 /out 


m\m; m; a^m i. 

/B1 /out 

/in •'in 



m 


22 


























And the expression is still symmetric. This is possible only if n±{MjA^) = oo. 

Next we assnme that /in = 1. With the assnmption of Proposition [3TT1 we saw in Section 
13.51 that there is /_ G snch that = Mj_A^Mf_. Since is unitary, 

we have _ _ 

MjAh = = M}^^M*j_A^Mf_ = M}_M}^^A^ Mf_. 

Therefore, the question of deficiency indices is reduced to that of /bi, as Mf_ is unitary. This 
case has been studied in Sections 13.2113.31 
Let us summarize the results. 

Theorem 4.1. Let f G Tr°°(§_ 7 r,o) ond f{9) = f{9 — ni) and 

/(C) = /Bl(C)/in(C)/out(C) 

be its Beurling factorization. Assume that font satisfies the estimate of Proposition \3.11[ 
Then the deficiency indices of the operator MjAa is 

• (oo, oo) if fin is nontrivial. 

• (oo, oo) if f-QX has infinitely many factors. 

• (m, m) if fin is trivial and /bi has 2m factors. 

• (m + 1, m) if fin is trivial and /bi has 2m + 1 factors. 

4.2 Polar decomposition 

As a byproduct of the analysis above, the polar decomposition of MjA^ can be easily ob¬ 
tained, again if the outer part of / can be estimated as before. Let us take the Beurling 
factorization of /: 

/(C) = /Bl(C)/in(C)/out(C), 

and assume that (pout satisfies the estimate of Proposition 13.111 Then we have 

MjA^ = M^Mt- ■ 

/ /BI /in /out ’ 

where Mj^A^ is essentially self-adjoint by Proposition 13.111 therefore, this is the polar 
decomposition. 

4.3 von Neumann’s criterion 

A von Neumann’s criterion m Theorem X.3] says that if a symmetric operator A commutes 
with an antilinear conjugation J, then A has a self-adjoint extension. Let us see when this 
can be applied to MjAa. 

Let (/C)(6') := ^{—9) be a conjugation on L^(M). It is immediate that J preserves 
Dom(A^) = If we take / such that f{9) = f{9 — Tii) = f{—9), then MjA^ 

commutes with J: 

{JMjAkm = W^f{-9 - TTt) = f{9)f{-{9 + m)) = {MjAhO{9). 
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As for /, a nontrivial singular inner part gives the deficiency indices (cxo, cxo) and the outer 
part (with a bound) does not affect the existence of self-adjoint extensions, as we saw in 
Theorem 14.11 

Let us take 'eC~'e^ as a Blaschke product. From the condition f(9) = f{9 — 

if follows that aj must appear in a quadruple with —ni — aj, —ay, —ni + aj. 
If Imttj = |, then this is reduced to a pair with —ay. Furthermore, if a^- = — y, then it 
does not have a partner but it must have even multiplicity in order to keep the condition 
f{9) = f{—9). Altogether, / has even Blaschke factors and has equal deficiency indices, in 
accordance with Proposition 13.41 


5 Restriction to squares 

As we saw in Section |3l for a wide class of functions /, the operator Mj/Sh has nontrivial 
deficiency indices. The cases where / has zeros, therefore a nontrivial Blaschke product, 
is remarkable. If the number of Blaschke factors in / is finite, we computed explicitly the 
deficiency indices in Section 13.21 If the singular inner part is trivial, then the deficiency 
subspaces are finite dimensional. In particular, if the number of Blaschke factors is odd, then 
MjAa does not admits any self-adjoint extension. Furthermore, even if / may generically 
contain a nontrivial singular inner part or the number of Blaschke factors might be even, the 
trouble is that there does not seem to be any particular choice of a self-adjoint extension. 
Therefore, in order to have a nicer structure, we need to put a constraint on /. 

Here we consider the case where / is a square of another function: We 

will see that this choice allows us to find a particular self-adjoint extension whose spectral 
calculus can be explicitly performed. This is not an essential restriction in our application to 
bound states in quantum field theory Moreover, this restriction affects only the Blaschke 
product, because in the Beurling factorization, the singular inner part and the outer part 
have no zero, hence they can be already written as squares. 


5.1 Canonical self-adjoint extensions and operator calculus 

If / = all the factors in the Beurling factorization (see Section ITT]) is a square: 

/(C) = (/^Bl(C))^-(/^in(C))^-(/^out(C))^ = (/^Bl(C))^-(/^in(C))^-/out(C). 

Note that /ibi and hin are inner and symmetric, namely, it holds that 

hB\{9)~^ = hBi{9) = hBi{9 - TTz), hia{9)~^ = hi,^{9) = hia{9 - iri). 

Consequently, the multiplication operators M^,.^ are both unitary operators and it holds 
that Mj— = M; , Ml— = Mf . 

h-B\ "Bl ’ ftin flin 

As for /out (we do not need hout), let us recall the integral representation, which can be 
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decomposed as follows: 

i 


/out(C) = exp 


TT 


= exp — 

TT 


=: /-(C)/+(C). 


ds 1 + e^s 

/_oo 1 + e? - s 

ds 1 + e'^s 

/_„o 1 + ^2 - s 


log0(s; 

iog0(s; 


exp — 

TT 


ds 1 + e^s 
1 + — s 


iog0(s; 


In this decomposition, both /+ and /_ are in as they are the Poisson integrals of 

the measures which are the restriction of that for /. 

Now, /-(C) is continuous at ImC = 0 and f-{9), 6^ G M, can be directly computed by the 
formula above (not only as the boundary value), because the factor in the integrand is 
bounded in the range s < 0. On the other hand, /+(C) is continuous at ImC = for the 
same reason. Therefore, we have 


f+{9 - Tii) = exp 
= exp 




ds 1 — e^s 
1 + —e® — s 


logC>(s) 




ds 1 + e^s 
1 + — s 


log (f){s] 




since /(s) = /(—s). As 6^ G M, the integrand is real, hence the exponent is purely imaginary 
and f+{9 — ni) has modulus 1 and it holds that 


f+{9-ni) = f_{9). 

In general, if G iJ°°(S_,r,o )5 riot necessarily assuming the symmetry condition g{9) = 
g{9 — Tii) for 6^ G M, it holds that 

C A^Mg 

as unbounded operators, namely, for any C G i5f^(§_7r,o), 5'(C)C(C) ^ = Dom(A5) 

and g{9 — 7ii)^{9 — ni). 

Let us consider the case where f = h'^. We have 


M-f = 

^ ^B1 ^in J “h J — 

From the observations above, we have the following operator inequality: 

MjAi c Mjj^Afs-Afj3-A4A4„A4„M,_ 

= (A4„ A4,. M,_ )• A i A4„ A4,. M ,_, 


where we used the unitarity of M/_ (separately). The last expression is manifestly 

self-adjoint. 

As readily seen, this self-adjoint extension of MjA^ has a very particular property. It is 
unitarily equivalent to A^, in particular, its spectrum coincides with that of A^, and for any 
Borel function g it holds that 

am,,. M ,_) • A i A4e, A4„ M,_) 

= (A4b,A4,M,_)-9(aJ)M,.„A4,.A4_, 


25 



in the sense of operator calculus. 

Let us summarize this construction. 

Theorem 5.1. Let f = h? and h G Then MjA^ has a self-adjoint exten¬ 

sion which is unitarily equivalent to where the unitary operator intertwining them is 
as above. 

The straightforward treatment of hei, hjn and that of font which requires a further factor¬ 
ization into f± may look discrepant. Yet, as in Theorem 14.11 if the outer part satishes the 
hypothesis of Proposition 13.111 then this discrepancy does not appear: the extension above 
takes the form _ 

(V/srVi-)' ■ 

where one does not see f±. As we remarked in Section lT5l the hypothesis is not too restrictive. 
Example 5.2. Let / be a positive constant f{() = c > 0. The corresponding /+ and /_ 
can be easily found: namely, f-iC) = , f+iC) = ce It is immediate to see that 

U{0)f-{0) = f{0) = C and /+(0 - m) = Jje). 

Next, let / be the following outer function f{() = exp satishes 

f{9) = f{6 — m) for 6* G M, and indeed outer by Proposition 13.91 Let us hnd out /+ and /_. 
We claim that 

/-(C) = -p (-^c^ - ^c) . MO = -p (^(C + + ^(C + -)) . 

It is easy to check that they are again outer and /+(0 — tt/) = f-{0) for 0 G M. By a 
straightforward computation, one sees f+{9)f_{9) = f{9). As |/-(6*)| = 1, this is the desired 
decomposition. Therefore, we have 

Actually, the left-hand side is essentially self-adjoint in this case. 

5.2 A characterization of the canonical extension 

gC_ 

Let us reconsider a Blaschke product f(C) = —^-r. In Section [221 we saw that 

e‘i - e“ 

the dehciency indices of MjA^ is (1,1). Vectors in the dehciency subspaces can be explicitly 
given as follows: 

(gC _ goj^gC — 

Note that if Ima ^ then have two simple poles. When Ima = — they have a 
double pole. By the standard argument, there are self-adjoint extensions parametrized by 
S^. And generically there does not seem to be any particular choice. 

The situation is different if Ima = —Then the function / has a double zero at (^ = a. 
It is easy to observe that the combination — e"(^_ has only a simple pole at the double 
zero of /. It turns out that MjA^ can be extended by including this vector in the domain. 
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This example can be generalized in the following form: If / is a sqnare f = and has the 
onter part which is bonnded below, the above idea allows us to rewrite the domain studied 
in Section 15.11 from a different point of view, and prove the self-adjointness in a direct way 
based on the definition. 


Proposition 5.3. Let f = h?, where h is a bounded analytic function on M -|- i(—vr, 0), and 
assume that the boundary values of h satisfy h{6) = h{6 — ni) and are bounded below. Then 
MjA 2 has a self-adjoint extension Af with the domain 

with the action = f{6 — 'ki)^{ 6 — ni) (= h{6 — ni)‘^f{6 — ni), which is well defined 

on the domain above). This extension Af coincides with the one given in Theorem \5.1\ 

Proof. First we need to check that the operator Af defined above is symmetric. This is 
immediate because if rj belong to that domain, then 

{rj, = j r]{9)f{9 - ni)^{9 - ni)d9 

= J r]{9)h{9)h{9 — ni)f{9 — ni)d9 

= J rj{9 — ni)h{9 — ni)h{9)f{9)d9 

= {MjA^r],0, 

where we can use the Cauchy theorem since h^, hr] G (see Proposition 12.2p . 

Now let 1 ] G Dom(74j). This means that for any ^ such that hf G we have 

\{ri,Af^)\ < C||.^|| where C is a constant independent of f. In other words. 


c^lieil > 


j T]{9)h{9 - ni)‘^^{9 


ni)d9 


J rj{9)h{9)h{9 — ni)^{9 — ni)d9 
{hr],A2h^) . 


Furthermore, by assumption h is bounded below on the boundary, hence there is Ch such 
that ll^ll < C'/i||/i^||, and therefore, {hrj,A^hf) < CC'/i||h^||. 

Note that, for any ^ G = Dom(A 2 ), there is G Dom(74/) such that f = h^. 

Indeed, the boundary value is since h is bounded below and ^ is L^, and | ■ h = ^ G 
hence | G Dom(y4j-) by dehnition. It follows from this that hr] G Dom((A^)*) = 
Dom(A^) = which implies by definition that r] G Dom(y4j). This concludes the 

proof of self-adjointness of Af. 

To see that this coincides with the extension in Theorem I5.ll note that the assumption 
that h is bounded below on the boundary implies that the outer factor is bounded below on 
the whole strip and makes no effect on the domain. Now, the condition that h^ G is 

equivalent to h-Qih^^f^ G which is exactly the domain obtained in Theorem I5. II □ 
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The above simple and seemingly natnral description of the domain fails if / is not bounded 
below. Indeed, if h is an outer function with a simple zero on the boundary, the closure of 
MjA 2 = M^A 2 contains functions ^ which have double pole at the boundary. For such 
^ therefore, the domain above cannot be the domain of self-adjointness. 

6 Concluding remarks 

For the computation of deficiency indices, the case where the outer part does not satisfy the 
assumption of Proposition [3TT] remains open. Yet, we studied this problem with a motivation 
which arose in Quantum Field Theory (QFT), and the class of functions which we considered 
in Section 15.11 seems to suffice in the operator-algebraic treatment of certain integrable QFT 

ra- 

The operator MjA^ appeared in [1] as the one-particle component of the bound state 
operator. The whole operator is a complicated symmetrization of such a one-particle com¬ 
ponent which requires different techniques and we will investigate it in a separate paper 

m- 
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A Hardy space and Fourier transforms 


The following is a well-known observation (c.f. [I3l Theorem IX.13] [201 Gorollary III.2.10]), 
yet we state it here explicitly, since the sketch of proof in [T31 Problem IX.76(c)] contains a 
subtle argument, while [20] is written for analytic functions of several variables. Let be 
the multiplication operator on L‘^{R,dt) by eT,{t) = which is unbounded. If we take its 
domain as 

{g e L^(M, df) : e"^g{t) is again L^}, 

then it is self-adjoint m Theorem VIII.4]. Gonsider the dense subspace of compactly sup¬ 
ported smooth functions, which is a core of . Let be a function whose Fourier transform 
g is in that core: 


m = 


1 


dte-^^^g{t). 




This Fourier transform is dehned pointwise, and in this case g is the inverse Fourier transform 
of g and is an entire function of 9 by Morera’s theorem m Theorem 10.17]. The analytic 
shift of g by —in is given by 


{A^g){9) = g{e-ni) = 






dte^^\M,^g){t) 









or in other words A^g = M^^g. Therefore, A 2 is essentially self-adjoint on the space of 
functions which are the inverse Fourier transform of compactly supported smooth functions 
and unitarily equivalent to Me^. 

For each g such that g G Dom(Me^), g G because for G M -|- i(— 7r,0) the 

integral 

/ p<X) pO 

Jo J—00 

is L}, where e > 0 is such that C — ie G M -|- i(—vr, 0), which shows the analyticity of g by 
Morera’s theorem, and the uniform L^-bound follows from ||Me.^^||i 2 < ||^||l 2 -1- ||Me,,^||L 2 
and the Plancherel theorem, where is the multiplication operator by the function e**'’. 

Now we give an elementary proof of the converse inclusion without using the results of 
[ 20 I Chapter III] cited in Section 12.11 

Proposition A. 1. For each ^ G i G Dom(Me,,). 

Proof. Let g be such that g has compact support and is smooth. Then the inverse Fourier 
transform g is entire analytic, g{t) = -^= f d6 e^^^giO) and g{Cf) := g{C,) is entire as well. 

We claim that 

j def,{e + xi)g{e-x{) 

does not depend on A G (—vr, 0). Note that ^(C)^(C) is analytic. For Ai, A 2 G (—tt, 0), Ai < A 2 , 
let us consider the rectangle surrounded by Im^ = Ai,Im(^ = A 2 ,ReC = i?, Re^ = —R (see 
Figure |3]). By the Cauchy theorem, the integral of ^g over this contour is 0. By assumption 

-R R 




h,R 


^ h,R 

h,R 


U,R ^ 


-►— 






iAi 


Figure 3: The integral contour for the Cauchy theorem 


^(- -|- iX) is at each hxed A G (—7r,0), thus the product ^(- -|- iX)g{- — iX) is at each 
hxed A G (— TT, 0). Therefore, as R tends to 00, the integral 


r-H 


dO ^{6 + Xi)g{6 — Xi) 


l-R 


tends to dt^{9 + Xi)g{9 — Xi). What remains to show is the integral on the vertical lines 
h,R,li,R tend to 0. Actually, it is enough to prove that there is a growing sequence {Rn\ for 
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which these integrals on tend to 0, since 


0 


lim f c^C^(C)^(C) 



dO {iiO + \i)g{0 + Aii) - ^{6 + \ 2 i)g {0 + A 2 i)) + lim 

Rn^OO 


' l2,Rn^h,Rn 


dcmm- 


Now, in order to hnd such a sequence, note that 06 + i\)g{6 + i\) is an as a function 
with two variables 9 and A, as the L^-norm of ^ is uniformly bounded by assumption. This 
implies that the two-variables integral 

rn+l pXi 

/ de dX \06 + iX)g{e + iX)\ 

J n J X 2 

tends to 0 as n —)■ cx). Let us say that the integral above is less than where £„ —)■ 0. Then, 
there must be a set in [n, n + 1) with Lebesgue measure larger than A such that for 6 in this 
set we have the one-variable integral 



dX 


06 + iX)g{e 


iX) 


< ^.Sr, 


Similarly, there must be 
holds 


another set in [n, n -|- 1) with measure larger than A for which it 

/•Ai 


dX 


' A 2 


0-6 + iX)g{-e - iX) 


< 2er 


As the interval [n, n -f 1) has measure 1, there must be a nontrivial intersection of these two 
sets. We can take from this intersection. 

As G there is a constant such that ||.^(- -ffA)||i 2 < for A G (—tt, 0). 

Let us consider := ^ (^6 — y) ■ Now, if g has a compact support, then Me^,g has again 

a compact support for any A' G M. For A' G (—|, |) , we have 


{Me^,g,C^) = J dte^'^g{t)0^{t) 

= j dtg{6- iX’)^ (^6 - y ^ 

= j dtg{6)i (^6 - iX' - , 

which implies that < || 5 '|| ■ ||.^(- -|-f A' — f)l|L^ < C^||^||. Such gf’s form a core 

of Afe'^, hence we obtain that is in the domain of M^.'^ and ||Me^.^_ 2 Li|| < C^. By this 
uniform bound for A' G (—f, f), it follows that ^ L)om(Me_,r) H Dom(Me,r)- 

It is now clear that we have ^ which belongs to Dom(Me^). □ 

Summarizing, 0 ) is the inverse Fourier transform of Dom(Me,^). 
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Corollary A.2. For each ^ e and X G (— vr, 0), it holds that ^{6+iX) < + 


lA^eil- 


y'47r(7r+A) 

Proof. By Proposition lA.ll we have the pointwise expression 

«e + iA) = ^y' 

where f is an L^-function and in the domain Dom(Me^). In particular, ^{t) and ^{f)e^^ are 
Lf. Now, we have 


^(6* + iX) < 


1 


< 


\/ 2 ^ J-c 

1 / I 


dt e 


-tx 


m 


< 


\J- 

1 


dt e 


—tx 


m 






r-O \ i 

^-2tA 


— (— 


dt e 


+ 


\/2(vr + A) 


+ ( / 

MeJ 


MeJ 


which is the desired estimate. 


□ 


B Essential singularities in the singular part 

Let be a hnite singular measure on M. We prove that the singular inner function 


/(C) = exp 


dfx{s) 1 + e‘^s\ 

1 + s2 e< -s J 


has an essential singularity at each point of the boundary ^ G M, M — vrz where it holds that 
fj.((a-e^a+e)) ^ ^ ^ where a = e*’ G M. The set of such points is not empty if /i is 

nontrivial, indeed it is the case for a almost everywhere with respect to fi m Theorem 7.15]. 

Let us £x such a Co on the boundary. It is known that /(C) has a radial limit almost 
everywhere (with respect to the Lebesgue measure ds) [13 Theorem 11.32], whose modulus 
is 1 m Theorem 17.15]. Hence it is easy to see that there is a sequence Q —)■ Co such that 

l/(Ci)l -t 1. 

We show that the radial limit towards Co is 0. The modulus of the function / is determined 
by the imaginary part of the integral. By writing e‘^ = a + ib, a, b E M, we have 


Im 


/I + e‘^s\ 


5(1 + s^) 

(a — sy + 5^ 
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Note that as C G ® + ^(—tt, 0), & < 0. Now we have 


Ms) 

na—b 2 

^ L 

/i((a + b,a — b)) 

" 2i(^ 

and the right-hand side tends to cxd as 6 —)■ 0 if a is in the set explained above. The modulus 
of / is obtained for e‘' = a + ib hj 

l/(C)l = exp(-yd^Wj— 

which tends to 0 as 6 —)■ 0 if a is in the set explained above. 

Therefore, if e^° = a, / does not have a unique limit towards Co; so it must be an essential 
singularity of /. 


References 

[1] N. I. Akhiezer and I. M. Glazman. Theory of linear operators in Hilbert space. Dover Publi¬ 
cations, Inc., New York, 1993. Translated from the Russian and with a preface by Merlynd 
Nested, Reprint of the 1961 and 1963 translations. Two volumes bound as one. 

[2] Y. M. Berezansky, Z. G. Sheftel, and G. F. Us. Funetional analysis. Vol. II, volume 86 of 
Operator Theory: Advanees and Applieations. Birkhauser Verlag, Basel, 1996. Translated from 
the 1990 Russian original by Peter V. Malyshev. 

[3] Detlev Buchholz and Gandalf Lechner. Modular nuclearity and localization. Ann. Henri 
Poineare, 5(6): 1065-1080, 2004. 

[4] Daniela Cadamuro and Yoh Tanimoto. Wedge-local fields in integrable models with bound 
states. 2015. arXiv:1502:01313, to appear in Comm. Math. Phys. 

[5] Nelson Dunford and Jacob T. Schwartz. Linear operators. Part H. Wiley Classics Library. 
John Wiley &: Sons, Inc., New York, 1988. Spectral theory. Selfadjoint operators in Hilbert 
space. With the assistance of William G. Bade and Robert G. Bartle, Reprint of the 1963 
original, A Wiley-Interscience Publication. 

[6] K. O. Friedrichs. Spectral theory of operators in Hilbert space. Springer-Verlag, New York- 
Heidelberg, 1973. Applied Mathematical Sciences, Vol. 9. 

[7] Seymour Goldberg. Unbounded linear operators: Theory and applications. McGraw-Hill Book 
Co., New York-Toronto, Ont.-London, 1966. 

[8] Rudolf Haag. Local quantum physics. Texts and Monographs in Physics. Springer-Verlag, 
Berlin, second edition, 1996. Fields, particles, algebras. 


32 



[9] Gilbert Helmberg. Introduction to spectral theory in Hilbert spaee. North-Holland Series in Ap¬ 
plied Mathematics and Mechanics, Vol. 6. North-Holland Publishing Co., Amsterdam-London; 
Wiley Interscience Division John Wiley & Sons, Inc., New York, 1969. 

[10] A. Ibort and Perez-Pardo J.M. On the theory of self-adjoint extensions of symmetric operators 
and its applications to quantum physics. 2015. arXiv:1502.05229. 

[11] Tosio Kato. Perturbation theory for linear operators. Springer-Verlag, Berlin-New York, second 
edition, 1976. Grundlehren der Mathematischen Wissenschaften, Band 132. 

[12] Roberto Longo and Edward Witten. An algebraic construction of boundary quantum field 
theory. Comm. Math. Phys., 303(l);213-232, 2011. 

[13] Michael Reed and Barry Simon. Methods of modern mathematical physics. II. Fourier analysis, 
self-adjointness. Academic Press [Harcourt Brace Jovanovich Publishers], New York, 1975. 

[14] Michael Reed and Barry Simon. Methods of modern mathematical physics. I. Academic Press 
Inc. [Harcourt Brace Jovanovich Publishers], New York, second edition, 1980. Functional 
analysis. 

[15] Frigyes Riesz and Bela Sz.-Nagy. Functional analysis. Frederick Ungar Publishing Co., New 
York, 1955. Translated by Leo F. Boron. 

[16] Walter Rudin. Lectures on the edge-of-the-wedge theorem. American Mathematical Society, 
Providence, R.I., 1971. Conference Board of the Mathematical Sciences Regional Conference 
Series in Mathematics, No. 6. 

[17] Walter Rudin. Real and complex analysis. McGraw-Hill Book Co., New York, third edition, 
1987. 

[18] Walter Rudin. Functional analysis. International Series in Pure and Applied Mathematics. 
McGraw-Hill Inc., New York, second edition, 1991. 

[19] Konrad Schmiidgen. Unbounded self-adjoint operators on Hilbert space, volume 265 of Graduate 
Texts in Mathematies. Springer, Dordrecht, 2012. 

[20] Elias M. Stein and Guido Weiss. Introduetion to Fourier analysis on Euclidean spaces. Prince¬ 
ton University Press, Princeton, N.J., 1971. Princeton Mathematical Series, No. 32. 

[21] M. Takesaki. Theory of operator algebras. H, volume 125 of Encyclopaedia of Mathematical 
Sciences. Springer-Verlag, Berlin, 2003. Operator Algebras and Non-commutative Geometry, 
6 . 

[22] Yoh Tanimoto. Bound state operators and locality in integrable quantum field theory. 2015. 

[23] Gerald Teschl. Mathematical methods in quantum mechanics, volume 99 of Graduate Studies 
in Mathematics. American Mathematical Society, Providence, RI, 2009. With applications to 
Schrodinger operators. 

[24] John von Neumann. Mathematical foundations of quantum mechanics. Princeton University 
Press, Princeton, 1955. Translated by Robert T. Beyer. 


33 



[25] Joachim Weidmann. Linear operators in Hilbert spaces, volume 68 of Graduate Texts in Math¬ 
ematics. Springer-Verlag, New York-Berlin, 1980. Translated from the German by Joseph 
Sziics. 

[26] Kosaku Yosida. Functional analysis, volume 123 of Grundlehren der Mathematischen Wis- 
senschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin-New 
York, sixth edition, 1980. 


34 



